Abstract. In this study, we determine all modular curves X0(N ) that admit infinitely many cubic points.
Introduction
A curve X defined over an algebraically closed field k is called d-gonal if it admits a map φ : X → P 1 over k of degree d. The smallest possible value of d is called the gonality of X, and is denoted by Gon(X). If a curve X is two-gonal and of genus g(X) > 1, then X is said to be hyperelliptic. If a curve X is three-gonal, then we call X trigonal.
Frey [7] proved that if a curve X over a number field K has infinitely many points P such that [K(P ) : K] ≤ d, then Gon(X) ≤ 2d.
On the other hand, Abramovich and Harris [1] conjectured that a curve X defined over K has infinitely many points P satisfying [K(P ) : K] ≤ d if and only if it admits a K-rational map of degree not more than d onto P 1 or an elliptic curve with positive K-rank. This was conjectured when the authors were considering the questions raised by Harris and Silverman in [8] . Indeed, they proved that this conjecture holds for d = 2 or 3, and for d = 4 when g(X) = 7. However, this conjecture is false in general, as shown in [6] . Let X 0 (N ) denote the modular curve corresponding to Γ 0 (N ), and let g 0 (N ) denote its genus. The modular curve X 0 (N )(with cusps removed) parametrizes isomorphism classes of elliptic curves with cyclic N -isogenies. Ogg [15] determined all hyperelliptic curves X 0 (N ). Bars [2] determined all bielliptic curves X 0 (N ), and by combining his results with Ogg's, he found all of the curves X 0 (N ) that contain infinitely many points defined over quadratic number fields. Here, a bielliptic curve means a curve of genus greater than one that admits a map of degree two onto an elliptic curve.
Hasegawa and Shimura [9] determined all trigonal curves X 0 (N ). In this paper, by using their results, we shall determine all curves X 0 (N ) that have infinitely many cubic points. A cubic point is a point that can be defined over a cubic number field. Our main result is as follows.
Theorem 0.1. A curve X 0 (N ) has infinitely many cubic points if and only if N ∈ {1 − 29, 31, 32, 34, 36, 37, 43, 45, 49, 50, 54, 64, 81}.
The following result follows directly from our main theorem.
Corollary 0.2. If K varies over all cubic number fields and E varies over all elliptic curves over K, there exist infinitely many absolutely non-isomorphic elliptic curves E defined over K with K-rational cyclic N -isogenies if and only if N is one of the numbers stated in Theorem 0.1. Here absolutely non-isomorphic means non-isomorphic over the algebraic closure, in other words, it means having different j-invariants.
Preliminaries
Let X be a smooth projective curve defined over a number field K. For any non-negative integer d, let Pic d (X) be the scheme parametrizing isomorphism classes of line bundles of degree d on X, and let J(X) be the Jacobian of X, which is equal to Pic 0 (X). For any point x ∈ Pic d (X), we write L x for a line bundle of degree d on X associated to x. For any non-negative integer r, we set
> r}, endowed with its usual scheme structure, and we write W d (X) := W 0 d (X). Suppose that X admits a K-rational point. We note that X 0 (N ) always has a Q-rational point. We say that a point P of X has degree d over K if [K(P ) : K] = d. Let X (d) be the d-th symmetric product of X. Note that any point of X with degree ≤ d over K gives rise to a K-rational point of X (d) (cf. [7] ). Thus the set of K-rational points X (d) (K) is infinite if and only if X has infinitely many points of degree ≤ d over K.
Suppose that X admits no maps of degree at most d to P 1 over K. According to Proposition 1 of [7] ,
is finite as a result of Faltings' Theorem in [4] . Conversely, if X admits a K-rational map of degree d onto P 1 , then
For the dimension of abelian varieties contained in W d (X), we refer the following theorem. Theorem 1.1.
[6] Let X be a smooth curve of genus g such that W r d (X) contains an abelian variety A, and assume that
Now, we consider the case with d = 3. By the above theorem, the only non-zero abelian varieties that can be contained in W 3 (X) are elliptic curves.
When dealing with an individual curve, the following facts are useful. (2) [F : F i ] = n i , and F i has genus g i (i = 1, 2). Then, the genus g of F is bounded by
We make use of Ogg's result [15] concerning a lower bound on the number of F p 2 -rational points on the reduction X 0 (N ) p of X 0 (N ) modulo p, where p is a prime with p ∤ N . Hasegawa and Shimura [9] formulate Ogg's result as follows: For the explicit computation of |X 0 (N ) p (F p 2 )|, let us employ the zeta function of X 0 (N ), for which we refer to [13] . Let X be a complete nonsingular curve of genus g over Q. For all but finitely many primes p, the reduction X p of X modulo p will be a complete nonsingular curve over F p . We call the primes for which this is true the good primes for X and we call the remainder the bad primes. Suppose that p is a good prime. Furthermore, define Z(X p , t) to be the power series with rational coefficients such that
Define ζ(X p , s) = Z(X p , p −s ) and set
where ζ p (X, s) = ζ(X p , s) when p is a good prime and it is as defined as in [17] when p is a bad prime. Then, we can write
where ζ(s) is the Riemann zeta function and L(X, s) is the Hasse-Weil Lfunction of X.
On the other hand, consider a cusp form
of weight 2 for Γ 0 (N ), which is a normalized eigenform for all of the Hecke operators T p for primes p with p ∤ N . In addition, one can define the Lfunction
The two series expressions of (3), (4) are related by the Mellin transform and its inversion formula. The L-function admits the following product formula:
The Eichler-Shimura theorem implies the following result.
Theorem 1.4.
[13] Let {f 1 , . . . , f g } be a basis for the cusp forms of weight 2 for Γ 0 (N ), chosen to be normalized eigenforms for all of the Hecke operators T p for primes p with p ∤ N . Then, apart from the factors corresponding to a finite number of primes,
For the reader's convenience, we provide lists of the integers N for which X 0 (N ) is rational, elliptic, hyperelliptic, bielliptic, or of gonality 3. 
Trielliptic curves over Q
If a curve X of genus g(X) > 1 admits a map to an elliptic curve of degree 3, we call X trielliptic. If such a degree 3 map can be defined over Q, we call X trielliptic over Q.
Suppose that X 0 (N ) has infinitely many cubic points, where N is not contained in the lists (a)-(e) of Theorem 1.5. Then, by Theorem 1 in [1] , X 0 (N ) admits a Q-rational map to P 1 of degree at most 3 or to an elliptic curve with positive Q-rank. From now on, the rank of an elliptic curve always mean the Q-rank. In fact, this map must be a map to an elliptic curve of degree 3, because the other possibilities are the curves listed in Theorem 1.5. Thus, if X 0 (N ) is not trielliptic and is not listed in Theorem 1.5, it can have only finitely many cubic points.
First, we will obtain a lower bound on the value of N for which X 0 (N ) is not trielliptic over Q.
Let E be an elliptic curve over a finite field F p k . The Hasse bound is
Suppose there exists a Q-rational map f : X 0 (N ) → E of degree 3 and a prime p ∤ N . Because p ∤ N , the curve X 0 (N ) has good reduction at p. Note that the conductor Cond(E) of E divides N , hence E also has good reduction at p. Thus, f induces a F p -rational map
, where E p is the reduction of E at p ( [14] ). By applying the Hasse bound, we obtain
and hence
By this bound and Lemma 1.3, the following inequality for trielliptic curves X 0 (N ) over Q holds for all p ∤ N :
By a proof that is exactly the same as for Lemma 3.2 of [9] , we have the following result.
Lemma 2.1. If N ≥ 300, the curve X 0 (N ) cannot be trielliptic over Q. Now, consider the integers N < 300 that are not contained in any of the lists in Theorem 1.5. Then, Gon(X 0 (N )) > 3. We will prove that X 0 (N ) has only finitely many cubic points.
For this purpose, we exclude many values of N for which X 0 (N ) cannot have infinitely many cubic points by using the methods described below. First, we can exclude some N by using (7) .
By Theorem 1.1, X 0 (N ) has infinitely many cubic points only if W 3 (X 0 (N )) contains a translate of an elliptic curve with positive rank. Because such an elliptic curve has conductor dividing N , it should appear in the table of Cremona [3] . Thus, one can exclude the integers N for which there exist no elliptic curve with positive rank whose conductor divides N .
Let E be a strong Weil curve, and let ϕ : X 0 (N ) → E be its strong Weil parametrization. If E ′ is isogenous to E over Q and a map f : X 0 (N ) → E ′ is given, then there exists an isogeny g : E → E ′ such that f = g • ϕ, and hence deg(ϕ) divides deg(f ). Thus, if deg(ϕ) > 3 for the strong Weil parametrizations ϕ of all strong Weil curves with positive rank, then X 0 (N ) does not admit a map of degree 3 to an elliptic curve with positive rank and conductor N . One can find such strong Weil parametrizations and their degrees in Table 22 of [3] . Suppose that there is no elliptic curve of positive rank with conductor M |N with M < N . Then, X 0 (N ) cannot have infinitely many cubic points.
By using the three methods described above, one can exclude all values of N except for the following: 
Suppose that X 0 (215) admits a Q-rational map of degree 3 from X 0 (215) to an elliptic curve E. Then Cond(E) divides 215. According to the table of Cremona [3] , E should be equal to one of 43A1 and 215A1. Because the degree of the strong Weil parametrization of 215A1 is 8, there does not exist a map of degree 3 from X 0 (215) to 215A1 over Q. Suppose that there is a map of degree 3 from X 0 (215) to 43A1 over Q. One can easily compute that the number of F 4 -rational points of the reduction of 43A1 at 2 is 5. Thus, |X 0 (215) 2 (F 4 )| ≤ 15, but L 2 (215) = 26 which is a contradiction.
Thus X 0 (215) is not trielliptic over Q. By the exact same method, one can exclude all of the numbers in (8) except for N ∈ {86, 122, 158, 159}.
Consider the curve X 0 (159) of genus 17. Suppose that there exists a map of degree 3 from X 0 (159) to an elliptic curve E. Note that the quotient space X 0 (159)/W 159 of X 0 (159) by the full Atkin-Lehner involution W 159 is of genus 4. Let F (resp. F 1 , F 2 ) be the function field of X 0 (159)(resp. X 0 (159)/W 159 , E). Then by applying Castelnuovo's inequality (Theorem 1.2), one obtains a contradiction. Thus, X 0 (159) is not trielliptic. Using the same method, one can prove that X 0 (158) is not trielliptic. For the curve X 0 (158) of genus 19, one can consider the quotient space X 0 (158)/W 79 of X 0 (158) by the partial Atkin-Lehner involution W 79 , whose genus is 5.
Finally we consider X 0 (86) and X 0 (122). To deal with these curves, we explicitly compute |X 0 (86) 3 (F 9 )| and |X 0 (122) 3 (F 9 )|. First, let us consider X 0 (86) of genus 10. Suppose that X 0 (86) has infinitely many cubic points. Then, there exists a map X 0 (86) → E of degree 3 where E is an elliptic curve of rank(E) > 0. Because there are no elliptic curves over Q of conductor 86, the elliptic curve E is isomorphic to 43A1. We compute that the number of F 9 -rational points of the reduction of 43A1 at 3 is 12. Thus, |X 0 (86) 3 (F 9 )| ≤ 36.
From the Stein's modular form database [18] , we can compute a basis {f 1 , . . . , f 10 } for the cusp forms of weight 2 for Γ 0 (86), which consists of normalized eigenforms for the Hecke operators. By Theorem 1.4, (2), and (5), we obtain the equality
where the α i are eigenvalues of T 3 . Note that the α i are the coefficients of q 3 in the q-expansions of the f i . Thus, we have that
From (1), we obtain that
Suppose that X 0 (122) has infinitely many cubic points. Then, there exists a map of degree 3 from X 0 (122) to 61A1. Note that the number of F 9 -rational points of the reduction of 61A1 at 3 is 12, hence |X 0 (122) 3 (F 9 )| ≤ 36. However, |X 0 (122) 3 (F 9 )| = 40, which is a contradiction.
By combing all of the results described above with Lemma 2.1 and using Abramovich and Harris' result, we obtain the following result. Lemma 2.2. If N is not contained in any of the lists of numbers in Theorem 1.5, then X 0 (N ) has only finitely many cubic points.
Infinitely many cubic points
In this section, we always assume that N is one of the numbers given in Theorem 1.5. First, we determine all of the trigonal curves X 0 (N ) that admit maps of degree 3 to P 1 over Q. We call such curves trigonal over Q. Indeed, Hasegawa and Shimura [9] proved that X 0 (N ) is trigonal if and only if it is of g 0 (N ) ≤ 2 or a non-hyperelliptic curve of g 0 (N ) = 3, 4. Moreover, they determined the minimal degree of a number field over which there is a trigonal map X 0 (N ) → P 1 for g 0 (N ) = 3, 4. All of the curves X 0 (N ) with Gon(X 0 (N )) = 3 and g 0 (N ) = 3, where N ∈ {34, 43, 45, 64}, are trigonal over Q. On the other hand, among the curves X 0 (N ) with Gon(X 0 (N )) = 3 and g 0 (N ) = 4, only X 0 (54) and X 0 (81) are trigonal over Q.
If X 0 (N ) is rational, then it is obviously trigonal over Q. If X 0 (N ) is elliptic, then one can obtain a trigonal map defined over Q by mapping to the y-coordinate in a Weierstrass equation.
Let us consider the (hyperelliptic) curves X 0 (N ) of genus 2, i.e., N ∈ {22, 23, 26, 28, 29, 31, 37, 50}. According to Lemma 2.1 of [11] , any curve of genus 2 that has at least three Q-rational points is trigonal over Q. If N > 1 is not a power of a prime, then X 0 (N ) has at least three Q-rational cusps by Proposition 2 in [16] . Thus, X 0 (N ) is trigonal over Q for N = 22, 26, 28, 50. Note that for prime N , X 0 (N ) has only two Q-rational cusps, i.e., the cusps 0 and ∞. However, it is well-known that X 0 (37) has two non-cuspidal Q-rational points (see [12, Proposition 2] .), and hence X 0 (37) has four Qrational points. Thus, X 0 (37) is trigonal over Q.
To deal with the remaining curves X 0 (N ) of genus 2, we recall that a hyperelliptic involution ν of a hyperelliptic curve X is an automorphism of X of order 2 such that the quotient space X/ ν is rational. Furthermore, ν is unique, hence it is contained in the center of the automorphism group of X and defined over Q.
Lemma 3.1. Let X be a curve of genus 2 over a perfect field k, and let ν be a hyperelliptic involution of X. If X has two k-rational points P 1 and P 2 such that ν(P 1 ) = P 2 , then there exists a map X → P 1 of degree 3 that is defined over k.
Proof. We employ the Riemann-Roch theorem over k. For a divisor D on X, let ℓ(D) denote the dimension of the Riemann-Roch space L(D). Now consider the divisor D = P 1 +P 2 . Because ν(P 1 ) = P 2 , there exists a function on the rational quotient X/ ν that induces a function f on X having simple poles only at P 1 and P 2 , and no poles elsewhere. Hence f ∈ L(D). Because L(D) contains a constant function, ℓ(D) = 2. Thus, D is a canonical divisor. However, 2P 1 cannot be a canonical divisor, because then P 1 − P 2 would be a principal divisor, which is impossible on a curve of positive genus. Thus, a non-constant function in L(3P 1 ) has a triple pole at P 1 , which defines a trigonal map on X over k.
By Theorem 2 of [15] , the hyperelliptic involutions of X 0 (N ) for N ∈ {23, 29, 31} are the full Atkin-Lehner involutions W N , which map 0 to ∞. By Lemma 3.1, the curves X 0 (N ) for N = 23, 29, 31 are trigonal over Q.
Summarizing the above, all of the curves of g 0 (N ) ≤ 2 are trigonal over Q, and among the curves X 0 (N ) with Gon(X 0 (N )) = 3, X 0 (N ) is trigonal over Q only for N ∈ {34, 43, 45, 54, 64, 81}. Thus we obtain the following result. Suppose that X 0 (N ) is not hyperelliptic and that N is not in the list given in Theorem 3.2. Then, it admits no map to P 1 of degree at most 3 over Q, and hence it can only contain infinitely many cubic points when W 3 (X 0 (N )) contains a translate of an elliptic curve of positive rank. From this fact, one can obtain the following result. Consider the curve X 0 (92), which is bielliptic. There exists only one isogeny class that contains an elliptic curve with positive rank and conductor 92, namely 92B1. There are no elliptic curves of positive rank with conductor 23 or 46. Because the degree of the strong Weil parametrization of 92B1 is 6, X 0 (92) admits no map of degree at most 3 to an elliptic curve of positive rank. Thus, we have the following result:
Lemma 3.4. The curve X 0 (92) has only finitely many cubic points.
For the bielliptic curves X 0 (N ) that admit a map of degree 2 to an elliptic curve with positive rank, we prove the following result. Proof. For such N , the curve X 0 (N ) is a bielliptic curve that admits a strong Weil parametrization of degree 2 to an elliptic curve with positive rank and conductor N . Define a map
, where J 0 (N ) is the Jacobian variety of X 0 (N ), ∞ is an infinite cusp, and [ ] denotes the divisor class. Then, the image of X (3) 0 (N ) under φ can be identified with W 3 (X 0 (N )). Because any Q-rational map X 0 (N ) → E with Cond(E) = N factors through a strong Weil parametrization of degeee 2, X 0 (N ) admits no map of degree 3 to an elliptic curve E with rank(E) > 0 and Con(E) = N . Note that there is no elliptic curve E with rank(E) > 0 such that Con(E) is a proper divisor of N . Thus X 0 (N ) admits no map of degree 3 to an elliptic curve with positive rank. Now, suppose that X 0 (N ) has infinitely many cubic points. Then W 3 (X 0 (N ))(Q) is infinite, and by [5] there are finitely many elements x 1 , . . . , x n of W 3 (X 0 (N ))(Q) such that
where the E i are elliptic curves in J 0 (N ). Note that there exist infinitely many points in W 3 (X 0 (N ))(Q) that cannot be obtained from a shift of W 2 (X 0 (N ))(Q) by a rational point of X 0 (N ). Then, we can have an embedding of an elliptic curve in W 3 (X 0 (N )), say E 1 , which maps to x 1 + E 1 such that x 1 +E 1 is not contained in the shift of W 2 (X 0 (N )) by any rational point of X 0 (N ). Thus, x 1 + E 1 cannot be contained in the shift of W 2 (X 0 (N )) by any point of X 0 (N ). Suppose that there exists a point P of X 0 (N ) such that x 1 +E 1 ⊆ P +W 2 (X 0 (N )). Viewing the elements of W 3 (X 0 (N )) as elements of X (3) 0 (N ), there exists an element x = (P 1 , P 2 , P 3 ) ∈ x 1 + E 1 (Q) such that x = (P, Q 1 , Q 2 ) for some (Q 1 , Q 2 ) ∈ W 2 (X 0 (N )). Because the P i are points of X of degree at most 3, so is P . Because P is not a rational point, P is either of degree 2 or 3. If P is of degree 2, then the rational points in P + W 2 (X 0 (N )) can be regarded as the elements of the shift of W 2 (X 0 (N )) by a rational point of X 0 (N ), which is a contradiction. If P is of degree 3, then P + W 2 (X 0 (N )) only contains finitely many rational points, because P is fixed, which is again a contradiction. Therefore, the embedding of E 1 into W 3 (X 0 (N ) satisfies the minimality condition given in [1] . By Lemma 2 of [1] , X 0 (N ) admits a map of degree 3 to E 1 , which is a contradiction.
Finally, we consider the hyperelliptic curves X 0 (N ) of genus g 0 (N ) ≥ 3. Let ν be a hyperelliptic involution of X 0 (N ), and suppose that X 0 (N ) has infinitely many cubic points. Then, X 
Then, φ maps Γ Q (N ) to a single point on J 0 (N ), because any divisor P + ν(P ) is linearly equivalent to ∞ + ν(∞). Now we set
Lemma 3.6. Suppose that X 0 (N ) is a hyperelliptic curve of genus g 0 (N ) > 2. Then, the restriction map
, and hence the divisor P 1 + P 2 + P 3 is linearly equivalent to the divisor Q 1 +Q 2 +Q 3 . Now, we prove that P i = Q j for 1 ≤ i, j ≤ 3. First, We suppose that it is not true. Without loss of generality, we may assume that P 3 = Q 3 . Then, the divisors P 1 + P 2 and Q 1 + Q 2 are linearly equivalent, and hence there is a non-constant function f on X 0 (N ) whose divisor is equal to P 1 + P 2 − Q 1 − Q 2 . Because f has a pole divisor of degree 2, it defines a hyperelliptic involution on X 0 (N ) that is the same as ν, because the hyperelliptic involution is unique. Because f (P 1 ) = f (P 2 ) = 0, it holds that P 2 = ν(P 1 ). Similarly, we have that Q 2 = ν(Q 1 ). Thus, (P 1 , P 2 , P 3 ) and (Q 1 , Q 2 , Q 3 ) are contained in Q∈X 0 (N ) Γ Q (N ), which is impossible. Thus, the linear equivalence of P 1 + P 2 + P 3 and Q 1 + Q 2 + Q 3 defines a map of degree 3 from X 0 (N ) to P 1 , which is also impossible. Lemma 3.7. Suppose that X 0 (N ) is a hyperelliptic curve of genus g 0 (N ) > 2, and that it admits infinitely many cubic points. Then, the set U (N )(Q) of rational points is infinite.
Proof. Suppose that P is a cubic point on X 0 (N ). Then, the cubic field K := Q(P ) has three different embeddings into C. Considering the Galois closure L of K over Q, one can choose the three embeddings as ι, σ and σ 2 for some σ ∈ Gal(L/K) of order 3 where ι is the identity. Then, (P, σP, σ 2 P ) is a rational point in X (3) 0 (N ), and hence the set X (3) 0 (N )(Q) of rational points is infinite. Now, we will show that (P, σP, σ 2 P ) does not belong to Γ Q for any Q ∈ X 0 (N ). Suppose that (P, σP, σ 2 P ) ∈ Γ Q (N ) for some Q. Then, (P, σP, σ 2 P ) = (P ′ , ν(P ′ ), Q) for some P ′ ∈ X 0 (N ), and P ′ is equal to one of P, σP and σ 2 P . Without loss of generality, we may assume that P ′ = P and ν(P ) = σ(P ). Then, P = ν 2 (P ) = σ(ν(P )) = σ 2 (P ) = Q, and hence σ is of order 2, which is a contradiction. Thus, such a rational point is contained in U (N ).
By Lemma 3.6 and Lemma 3.7, one can conclude that W 3 (X 0 (N )) contains an elliptic curve with positive rank for hyperelliptic curves X 0 (N ) of g 0 (N ) > 2. However, there are no elliptic curves with positive rank and conductor M |N . Thus, we obtain the following result: 
